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We propose a possible experimental setup for nonreciprocal electron transport in a lateral spin valve due to noncoplanar
distribution of magnetic moment (and field) in the system. Some metals (Al, Cu) and semiconductors (GaAs, InSb
etc.) demonstrate spin accumulation even at room temperatures due to large spin flip lengths (0.3–2.0 µm). The
Hanle precession was observed in lateral spin valves based on such materials and two parallel magnetic electrodes. We
provide theoretical estimations which show that the nonreciprocal effect in a configuration with non-parallel magnetic
electrodes is of the same order of value as the effect that arise due to Hanle precession. This makes it possible to
observe the nonreciprocal electron transport as a manifestation of the noncommutativity of spin-1/2 algebra for them
in the proposed system. Such property of noncoplanar magnetic system has a potential of application in a noncoplanar
type of spintronic devices.
I. INTRODUCTION
Spatial noncoplanar magnetic field distributions can
demonstrate unusual transport effect for spin- 12 particles: per-
sistent electric current1,2, rectification effects for neutrons3,4
and electrons5–7, neutrons “skew” scattering8,9 and topologi-
cal Hall effect for electrons10,11. The detection of persistent
current or rectification effect in typical ferromagnets is very
complicated due to small value of these effects and the inten-
sive spin-flip scattering of carriers. Thus one should consider
systems where the spin-flip scattering is low. For example,
thermal neutrons have a spin-flip length about 10 cm on the
air in the Earth magnetic field. This makes it possible to ob-
serve the diode effect for neutrons in transmission through two
magnetic mirrors in an external field12.
Aluminium and copper have very large spin-flip length13
for conductive electrons. Thus the polarized electron transport
can be observed in a lateral spin valve based on such materi-
als14,15. The A3B5 semiconductors are very promising mate-
rials for lateral spin-dependent transport 16–18. E.g. InSb has
a very large spin-flip length (several µm) at room tempera-
ture19. This allows to develop an artificial system for observa-
tion of nonreciprocal electron transport in case of noncoplanar
spatial distribution of a magnetic field.
In this paper we consider a lateral spin valve13 in which the
magnetizations of the ferromagnetic electrodes have arbitrary
angles with respect to the spin flow direction. The external
field is applied perpendicularly to the electrode magnetiza-
tions (Fig. 1). Thus the magnetizaitons of the electrodes and
the applied magnetic field form a noncoplanar triplet. The
diode effect means the resistivity should depend on the di-
rection of charge carriers injection. This system is analogous
to the nonreciprocal cell for thermal neutrons12. The rectifica-
tion effect was previously calculated in a similar F/I/N/I/F sys-
tem7. Here we consider one-dimensional channel for charge
carriers. We show the nonreciprocal diode effect is of the
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FIG. 1. (Color online) Geometry of noncoplanar lateral spin valve.
same order as a typical Hanle precession in a coplanar lat-
eral spin valve and therefore may be observed in such sys-
tem. Carrying out such experiment would manifest first step
towards spintronic devices20–23 that utilize special and non-
trivial properties of noncoplanar magnetization distribution.
II. THEORETICAL APPROACH
We consider a system depicted on Figure 1.
It consists of two ferromagnets connected electrically by
a non-magnetic one-dimensional channel through thin in-
sulating interlayer. The ferromagnets are magnetized non-
collinearly. An external magnetic field is applied to the system
in the direction perpendicular to both magnetizations of ferro-
magnets. The magnetic field is supposed to be small enough to
keep magnetizations of ferromagnets almost unchanged. Be-
sides, it is supposed that spin diffusion length in a conductive
channel is bigger than its length (between two ferromagnets).
The electric current passes from one ferromagnet to another.
We calculate its dependence on the applied voltage and thus
find the resistance of the system.
In the considered system the charge transport is determined
by three processes. First one is the injection of spin-polarized
carriers from one ferromagnet (spin polarizer) to the one-
dimensional conducting channel. Second one is the trans-
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2port of injected non-equilibrium charge to the second ferro-
magnet (spin analyzer). Finally, third process is tunnelling of
charge carriers from the conducting channel to the spin an-
alyzer. In order to describe transport of spin-polarized elec-
trons in the channel we use the Boltzmann equations with a
four-component distribution function
fˆ =
(
f++ f+−
f−+ f−−
)
(1)
following Hernando et al.24, where indices “+”,“-” denote
spins states along the quantization axis z. The tunnelling of
electrons at both boundaries is described by boundary con-
ditions that provide conservation of electron mass and spin
flux25.
A. Equations for electrons in a channel
The distribution function of conductivity electrons may be
re-written as
fˆ = n(x,vx)σ0+m(x,vx) ·σ , (2)
where σ0 is the 2×2 identity matrix, σ is the vector of Pauli
matrices, x and vx are the Cartesian coordinate and speed
along the channel respectively. Obviously, n in (2) stands for
the local electron concentration distribution, while m is their
magnetic moment distribution function.
If the spin polarizer and analyzer are divided from the in-
termediate channel by the insulating barriers we may neglect
the electric field inside the conductive channel. Only the ex-
ternal magnetic field needs to be taken into account. Another
important assumption is the tau-approximation for scattering
integrals. Besides, we suppose that there are three times: ul-
trafast momentum relaxation time τp, which is referred only
for elastic scattering processes, relatively slow spin relaxation
time τs and an even more slower energy relaxation time τe.
The Boltzmann equations in steady state take the following
form
vx
∂n
∂x
=−n−n
τp
− n−n0
τe
, (3)
vx
∂m
∂x
+ γe [B×m] =−m−mτp −
m−m0
τs
, (4)
γe is the electron gyromagnetic ratio, B is the applied magnetic
field which is assumed to be perpendicular to the plane of the
system. Here we introduce the averaged over momentum con-
centration and magnetization density n and m, respectively.
Besides, “equilibrium” values n0 and m0 are used. These val-
ues are the average of n andm over energy, respectively. Since
we suppose that the momentum relaxation time τp is much
smaller than all other characteristic times we may obtain sep-
arate equations for n,m and δn= n−n,δm=m−m
v
∂n
∂x
=−δn
τp
, (5)
v
∂δn
∂x
=−n−n0
τe
, (6)
v
∂m
∂x
+ γe [B×δm] =−δmτp , (7)
v
∂δm
∂x
+ γe [B×m] =−mτs . (8)
In these equations we suppose that the equilibrium magne-
tization is zero after relaxation, thus neglecting the electron
spin polarization in the external magnetic field (this electron
polarization may be neglected since it does not contribute to
the nonreciprocal effect that appears in noncoplanar system).
The velocity v = |vx| is defined by the energy as v =
√
2ε
me
(ε
and me are the electron energy and mass respectively). As it
was mentioned earlier, the “equilibrium” electron density is
n0 =
∫
ndv∫
dv .
The equations for electron density (5), (6) and for magnetic
moment (7), (8) are solved separately. In order to obtain the
electric current and spin current we need to find only the av-
eraged over momentum parameters n,m. We will further sup-
pose that the magnetic field B is applied along the z-axis of
the Cartesian coordinate system (see Figure 1). The equation
for n takes the form
∂ 2n
∂x2
= ξ 2e (n−n0) , (9)
where ξe =
(
τeτpv2
)−1/2 and n0 is determined by n and there-
fore may depend on the coordinate. We solve (9) for n sup-
posing that the energy relaxation time is very big: ξed << 1
for the Fermi velocity of electrons vF , where d is the length of
the channel (see Figure 1). The solution then takes the form
n=C1+C2ξex+ ... (10)
It is seen from the calculations below that the first two terms
in (10) are enough. Thus the average electron density n0 is
defined by C1 and C2 but its dependence on the x-coordinate
does not give correction to n in equation (9) up to the first
order in ξex.
General solution for m has the form
mx =W1e(a+ib)ξsx+W2e(−a−ib)ξsx+ c.c., (11)
my =−iW1e(a+ib)ξsx+ iW2e(−a−ib)ξsx+ c.c., (12)
mz = Ax+D, (13)
where W1 and W2 are complex constants, A and D are real
3constants, ξs =
(
τsτpv2
)−1/2, a and b are defined as
a=
√√
1+β 2+α2β 2+1−αβ
2
, (14)
b= sign(B)
√√
1+β 2+α2β 2−1+αβ
2
, (15)
α = ωLτp ≡ γeBτp, (16)
β = ωLτs ≡ γeBτs. (17)
Since the z-component of magnetization is not induced by the
boundary conditions and we neglect the electron spin polar-
ization due to B, taking into account only precession of spin
about it, the constants A and D are zero. It should be noted
that although we do not suppose that the magnetic field B is
small this supposition is implied because we do not take into
account change of the magnetizations ML and MR by it.
It is convenient to write down all the conditions on param-
eters used to obtain the solution (10), (11), (12). These condi-
tions are
τp << τe,τs; (18)
vF
√τeτp >> d. (19)
The condition (18) is realistic for Al conductors even at low
temperatures14,26. The condition (19) can be satisfied for
relatively small conduction channel length (for estimations,
see Section III).
B. Boundary conditions
We suppose that there is no inelastic and spin-flip scatter-
ing inside thin barriers and at the boundaries. Therefore the
boundary conditions are conservation of electron flow and
spin current at the boundaries. The charge and spin cur-
rent inside ferromagnets may be obtained using the Buttiker-
Landauer formalism25. If the current flows from left ferro-
magnet located at x = −d to right one located at x = 0 these
currents take the form
jLx =
G
2
ε (1−n(−d))(1+PML ·m(−d)) , (20)
JsLx =
h¯
2
P′ (1−n(−d))ML (21)
at the left bounday and
jRx =
G
2
εn(0)(1−PMR ·m(0)) , (22)
JsRx =
h¯
2
P′n(0)MR (23)
at the right boundary. Here G is a constant defined by electron
tunneling probability, P is a constant that takes into account
spin accumulation in the metal channel, P′ is a constant that
determines the spin flow due to the current of polarized elec-
trons. The magnetizations ML and MR of the left and right
ferromagnets are supposed to lie in the xy plane. They are
defined by absolute value ML,MR and angle of rotation θ ,ψ
as:
ML =ML (cosθ ,sinθ ,0) , (24)
MR =MR (cosψ,sinψ,0) . (25)
The equations (20)-(23) are valid in energy range ε ∈(
εF − V2 ,εF + V2
)
, V is the applied voltage, where there are
electrons in the left ferromagnet (source) and there are no
electrons in the right ferromagnet (sink). Note that only the
electrons in this energy range contribute to the electric current
in the channel.
The electric and spin current density in the channel may be
found as
jx =
eτp
h¯
v
∂n
∂x
, (26)
Jsx =−
1
2
vτp
∂m
∂x
. (27)
The boundary conditions are obtained by equating (26), (27)
at x = −d to (20), (21) and (26), (27) at x = 0 to (22), (23).
We solve these equations in linear order in G and the product
PP′.
The total electric current jΣx is obtained by integrating the
electron current determined by (26) over the whole energy
range:
jΣx =
∫ εF+V2
εF−V2
jxdε. (28)
We perform integration and keep only linear in V terms.
The described approach and electric and spin current in the
boundaries (20)-(23) are valid only when the electrons flow
from the left ferromagnet to the right ferromagnet since they
explicitly take into account that there are electrons in energy
range ε ∈ (εF − V2 ,εF + V2 ) in the left ferromagnet and there
are no electrons in this energy range in the right one. For
the opposite direction of electron flow, different equations for
electron and spin current should be written. We do not pro-
vide them in the text of the paper; however the results ob-
tained for two directions of current may be found below (see
Section III).
III. RESULTS AND DISCUSSION
Taking into account that the electrons charge is negative,
we have for the case considered in Section IIV = φL−φR < 0.
Then the electric current in the absence of magnetic moments
is
j0 =
G
4
εFV. (29)
We suppose that the electric current is from L to R hereafter
(negative sign of current means different current direction).
For the positive and negative V the addition to the electric
current due to magnetization of source and sink has the form
4δ j± =
G
2
PP′Vε2F
√
τs
τp
h¯
4
a
a2+b2
M2L+M2R
2
1
tanh
(
a dvF√τsτp
) (30)
−MLMR
cos(θ −ψ)cos
(
b dvF√τsτp
)
sinh
(
a dvF√τsτp
) ∓ sin(θ −ψ)sin
(
b dvF√τsτp
)
sinh
(
a dvF√τsτp
)
 ,
where vF =
√
2εF
me
is the electron Fermi velocity. Equation
(30) contains the corrections to resistance due to spin accumu-
lation that are proportional to M2L or M
2
R separately. Besides,
there is a cross-term proportional to MLMR. This term is split
into two. The first one is proportional to the cosine of the an-
gle between ML and MR and was observed in experiment14 in
parallel or antiparallel magnetization configuration. It is even
with respect to the applied external magnetic field B. This
term describes the ordinary Hanle precession in lateral spin
valves.
The second term is proportional to sine of the angle be-
tween ML and MR and thus is odd in B. It may exist only in
case of noncollinearML andMR vectors and thus noncoplanar
ML,MR,B triplet. The overall dependence of the addition to
current due to magnetization of current source and sink on B
is neither even nor odd. It should also be noted that the sign of
the term cos(θ −ψ) changes as the voltage V sign changes,
but the sign of the term sin(θ −ψ) does not change. First,
this means that the second term is a diode effect. Second, it
corresponds to the symmetry of the system with respect to in-
terchange of “Left” and “Right” notations.
The estimations of the voltage-to-current ratio dependence
on the applied field are shown in Figure 2. The calculations
are done for d = 1.1 µm aluminium channel at 4.2 K. The am-
plitude of δ j± is calibrated by the V/I ratio taken from Ref.14.
The fit parameters are the following: τp ≈ 2.5×10−15 s, τs ≈
90× 10−12 s and vF ≈ 1× 106 m/s. We should note that our
parameters lead to diffusion constant D ≈ 2.5× 10−3m2s−1
and spin-flip length λSF ≈ 480 nm which are of the same or-
der of value as those taken in Ref.14. It is seen that for the
collinear case this dependence is even with respect to B and is
approximately the same as in the experiment14. Small differ-
ence may be attributed to non-local spin injection which leads
to some spread of d and is not taken into account in theory. If
ML and MR are perpendicular to each other this dependence
becomes odd. Note that the condition (19) is satisfied for the
parameters of the system for τe >> 4× 10−10 s which con-
serves the condition τe >> τs.
We should note that our model that implies zero tempera-
ture works quite well for T = 4.2K. For this temperature and
for typical applied voltage of millivolts, the energy value kBT
(kB is the Boltzmann constant) is less than eV . Another impor-
tant note is that te one-dimensional model works although the
channel is much wider than the momentum relaxation length.
The spin relaxation length is bigger than the channel width
and thus spin diffusion is one-dimensional. The equation for
momentum that takes into account perpendicular degrees of
freedom may slightly change the fit parameters (such as dif-
FIG. 2. (Color online) The voltage-to-current ratio dependence on
the applied magnetic field for the angle between source and sink
magnetization equal to 0 (red dashed curve), pi/3 (green dotted
curve), pi/2 (blue curve). The black squares represent experimen-
tal data obtained by Jedema et al.14. The red dashed curve is the
ordinary Hanle curve.
fusion constant and spin-flip length) but keep the main effect.
Therefore it is reasonable to use such simple model.
According to (30) the diode effect can be measured by re-
versing the external magnetic field (similar to nonreciprocal
neutron scattering experiments12). In case of noncollinear
ferromagnet electrodes a symmetrical Hanle precession curve
will be summed with an odd “diode” curve. This effect is of
the same order as Hanle effect and undoubtedly can be ob-
served in experiment with a small modification of lateral spin
valve structure.
IV. CONCLUSION
We have shown that the diode effect in a lateral spin valve
with noncollinear magnetizations of two magnetic electrodes
is of the same order as the Hanle effect observed in similar
systems with collinear magnetizations previously. Our calcu-
lations show that the diode effect may be observed in such sys-
tems experimentally. So we propose first experiment on elec-
tron transport in noncoplanar magnetic device. This would
potentially open the way to a new field of noncoplanar spin-
tronics.
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